ABSTRACT Asymptotic high energy Koba-Nielsen-Olesen scaling of multiplicity distributions is shown to hold in a class of models. The shape of the scaling function is simply related to the shape of the topological cross sections. A statistical study of the models is made and the thermodynamic limit is investigated. An attempt to relate the impact parameter picture of high energy elastic hadron scattering and the scaling phenomenon is presented. Special realistic cases are explored in detail.
INTRODUCTION
Recent bubble chamber experiments at Serpukhov' and NAL2 measuring topological cross sections for charged particle production in pp collisions have yielded surprising agreement with the scaling law of Koba, Nielsen and Olesen3 (KNO) .
KNO scaling states that
where oN is the topological cross section for the production of Nparticles, < N> the average multiplicity, and tin the total inelastic cross section. Z/ is a universal function whose shape may depend on the projectile and target particles, 
If < N > is large one can replace the discrete sum in Eq. (2) (34
The experimental situation for the cq has been reported by Slattery4 who finds that they indeed seem to be remarkably energy independent, as asserted by the right hand side of Eqs. (3) and (3a).
In this paper we consider a fairly general class of models which have the property of KNO scaling in the high energy limit. The presentation of the material is as follows: first we introduce the models and explicitly find the Z/(Z) scaling function. In the first section a statistical approach to multiparticle production in the context of the models is taken and a realistic case is considered in detail. The second section deals with a possible relationship between geometric models of elastic scattering and those considered here. A discussion of the results is made in the final paragraphs.
A model of multiparticle production belongs to the class we will be discussing if the N-particle cross section is of the form
where b(s) is small for large s, and provided that $ and K defined below exist.
We prove first that these models scale in the KNO sense. The proof is straightforward: the inelastic cross section is given by r=X @ aN <N>-= CJ.
= qt----N) <N> in (5) (6) (7) (8) (9) (10) which proves our statement. An interesting fact is that the KNO scaling function turns out to be independent of both a(s) and b(s).
We will now consider a particular case of Eq. (4); namely, 2 *(x) = xewX .
We can easily find that C$ = $ , r = &r/2 so that 7r 2 --z $(z)=ye 4 .
(11) (12) For charged particle production, and according to Eq. (3a) we must multiply this result times 2: n2 --2 z),,(z) =7rze 4 .
This is the form conjectured by Buras and Koba5 who show that it fits the experimental data for charged particle production in pp and np scattering very well.
One could now add some extra input to the problem. where a(N, Y) is the cross section for N-particle production at rapidity Y, which, of course, plays the role of the volume.
We turn now to study the scaling models of Eq. (4). The grand-canonical partition function is
Qnz where we have assumed that the integral exists for arbitrary values of -. be> We observe that R is an ordinary Laplace transform of @ for 0 < z < 1. 
To be specific, we can try the previously considered (Eq. (11)) absorbed gaussian form for @ (x), and find:
There are three separate cases to consider: i) 0 < z < 1, therefore w < 0. As Y -00, b -0, we can use the asymptotic expansion8 for T(w/2) and write iii) z > 1. For this region we find
so that, if Eq. (27) is valid
and the thermodynamic limit will exist only if 0 < r 2 4 , or r = 0, m < 0.
One sees that in all these cases P(z) = 0, except if b(Y) -1/Y' for which Y+--P(z) = P Qn2z (34) with P a constant.
In the same fashion, we find 
where p(z) = < N >/Y, P and p constants.
These equations show that for this very particular case z = 1 is a phase transition point of the Feynman fluid.' More generally we see that for be> -l/YP, p > + , the point z = 1 is a critical point, but as there is no thermodynamic limit for z > 1 its nature is different from the limiting case p = + .
-ll-
II. POSSIBLE GEOMETRIC EXPLANATION
In this section we would like to motivate the shape of the KNO scaling function using some heuristic arguments.
The success of Eq. (13) The geometrical model is the following: both target and projectile hadrons are extended objects with some matter density distribution. At high energy one can write the total inelastic cross section as an integral over the impact parameter b:
A is the absorption parameter, which is in principle energy dependent, and is fixed by either the total 12 or the inelastic cross section, and p @b) is the hadronic matter density overlap, given by 
which will be independent of s if A is a constant. The extra factor of 2 in Eq. (55) reflects the fact that we are talking about charged particle production. We can now study various different possibilities for p (x); for example, those considered in reference 13.
The results for pp scattering are shown in Figure 1 . Similar computations can be carried out for 7r -p scattering with the result that the KNO scaling functions practically lie on top of each other, except for values of z > 2 where they are somewhat above the pp case. For this region there tends to be a larger difference if the pion radius is large, close to 1 fermi and better agreement as it is diminished to 0.5 fermi. The curves are practically insensitive to the choice of simple pole or dipole form factors for the pion, the dipole yielding a slightly more similar curve to the pp case, as is to be expected.
It should be emphasized that the values of A used in the computation were exactly those determined in reference 13, and as remarked before, they depend only on the total cross sections.
CONCLUSIONS AND DISCUSSION
We have studied the properties of the scaling models of Eq. (4) in the context of the statistical approach to multiparticle production and tried to motivate the shape of the scaling function using geometric arguments.
We have seen that some of the models considered here can explain the experimental data fairly well, and that their statistical properties can be straightforwardly investigated. The value of such an investigation is that, granting the physical relevance of these models, it gives us an insight into the properties of the hadronic matter in the high energy limit. Thermodynamic properties are of such a general nature that we may reasonably expect that a model which correctly incorporates the physical ingredients that go into multiparticle production processes should at least describe them. Of course, the question is whether or not the presently available energies are already high enough as to tell us something about statistical properties of hadronic matter. Presumably properties such as phase transitions and critical phenomena should be among the most prominent, and looking for experimental evidence of them can indicate the onset of truly high energy physics.
The shape of the KNO scaling function led us to the consideration of the geometric-optical picture of hadron-hadron scattering, and of Barshay's assumption, Eq. (46) . The obvious way to satisfy that equation is
When this is combined with the linear form for n@, s) = v (s)&b), Eq. (54), we -see that it states that to produce more particles at a given energy the colliding ' hadrons should have a larger impact parameter, the production mechanism being dynamically cutoff by ain(b, s) which will fall off with b since for large b there is no matter overlap. This behavior is to be contrasted with the intuitive idea that head-on collisions should result in more particles.
Finally, the problem arises to find basic dynamical schemes which will produce topological cross sections of the class considered here. It is hoped that this question will be answered in the near future. 17 14.
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Report given by C. which corresponds to b(s) -l/si , a(x) = xv2exp(-x4 ). This case, however, does not fall within our analysis because ch and its first moment are not integrable from 0 to m due to the x = 0 singularity. The latter authors' 3 cross section takes the form a,(s) -$-B(N/s+), and they claim that the best fit to the pp data is (s in GeV2): K = 250 mb, A = 2.2.
K -$ Therefore such a form corresponds to a(s) =-s , b(s) = As-$, G(x) = x3 exp(-x).
A3
The KNO scaling function is, according to Eq. (10) q,,(z) = 256 z3 eD4' for this model. 
